Di culties in tissue transplantation result from the fact that 1-24% of host T cells are activated by proteins present on foreign tissues, and destroy them. A long-standing immunological puzzle is reconciling this phenomenon with experiments showing that only one out of 10 4 {10 6 T cells responds to a given foreign antigen (e.g., protein). Using a quantitative model, we explain how this di erence follows from the processes controlling T cell generation.
Introduction
A sophisticated recognition mechanism allows host cells to display their internal content to the immune system. Viral proteins expressed inside an infected cell are cleaved into short peptides which are then trapped in the groove of molecules encoded by genes of the major histocompatibility complex (MHC). Next, the resulting MHC{peptide complexes are transported to the cell's surface. There, they will hopefully trigger the destructive activity of an immune system cell called a T cell, by binding to its antigen speci c T cell receptor (TCR). Because pathogens are diverse and unpredictable, the immune system needs a way to generate a diverse and exible TCR repertoire. T cells developing in the thymus randomly rearrange their TCR encoding genes. This process produces diversity. However, since it is random, it generates T cells potentially harmful for host tissues (also called self tissues) because their TCRs recognize combination of MHC and self peptides. Rearrangement can also produce cells that are useless because their TCRs interact too poorly with MHC molecules.
During T cell development in the thymus, a two step process called a nity-driven selection allows only the survival of useful, but not self reactive T cells. The rst step, positive selection, eliminates thymocytes bearing TCRs with low a nity for MHC{peptide complexes expressed in the thymus. This eliminates T cells that can not recognize MHC molecules. The second step, negative selection, deletes cells with high a nity receptors for MHC{peptide complexes. Because the peptides expressed in the thymus should be self peptides, negative selection should eliminate self reactive T cells. Overall, only 3% of the cells undergoing the rearrangement process have TCRs with the intermediate a nity required to survive selection, and later, to patrol the body in search of infected cells. In addition to rearrangement and selection, T cells di erentiate in one of two lineages while in the thymus. Some become killer cells which are dedicated to the destruction of infected cells and whose TCRs recognize MHC class I. Others become helper cells which control other cells of the immune system, and whose TCRs bind only MHC class II molecules. MHC class I molecules are present on all cells, whereas class II is expressed only by a limited subset of immune system cells.
Because MHC genes are extremely polymorphic, two individuals are very unlikely to express the same MHC molecules. As a result, T cells are self MHC restricted: they recognize pathogens presented by self MHC molecules, but ignore them if presented by foreign MHC 1, 2, 3, 4, 5, 6, 7] . Self restriction is believed to be acquired during positive selection 8, 5, 6, 7, 9] . MHC polymorphism is also the main obstacle to tissue transplantations (hence the name major histocompatibility complex). A graft between two mice identical at all loci except for one codon at the MHC leads to an acute T cell mediated rejection. It can be measured in vitro that as many as 1-24% of T cells are alloreactive, i.e., they are activated by products of a given foreign MHC allele 10, 11] . Alloreactivity has received much attention due to its far reaching therapeutic implications, but also because it is a long-standing immunological puzzle. Its 1{24% frequency is di cult to reconcile with the fact that only one out of 10 4 {10 6 T cells recognizes a given pathogen 12, 13] . The quantitative consequences of three classical hypothesis proposed to explain the high frequency of alloreactivity are assessed in this paper using a mathematical model.
According to the rst hypothesis, originally proposed by Matzinger & Bevan 14] , the 2{4 orders of magnitude di erence between antigen and MHC response frequencies results from the di erence in the diversity of these two types of molecule on the surface of antigenpresenting cells. Since a small number of distinct MHC molecules associate with a diverse array of peptides, the number of distinct complexes made from a given MHC will greatly exceed the number of complexes made from a given peptide. Can this di erence in diversity account quantitatively for the di erence in antigen and MHC response frequencies?
The second hypothesis relies on the interactions between MHC molecules and peptides. Self and foreign targets cells belonging to the same species are used in alloreactivity experiments. Hence, they synthesize and process essentially the same proteins. However, each MHC allele encodes a peptide binding motif, determining which peptides associate with MHC products 15, 16] , and the conformation of these peptides 17, 18, 16] . It has been proposed that alloreactivity re ects di erences in the presentation of self peptides by self and foreign MHCs rather than di erences in the parts of MHC molecules directly accessible by TCRs 19] . For example, a single mutation in the binding groove of MHC allele K b could abrogate tolerance toward a self peptide 18]. Thus, self peptides may be perceived as foreign by T cells when presented in the groove of foreign MHC molecules. What is the quantitative impact of peptide binding motifs on the frequency of alloreactivity in the context of a nity-based selection? Does alloreactivity reside in our genes 20]? This third hypothesis, originally considered by Jerne 21] , has recently been substantiated by the nding that alloreactivity of the preselection repertoire is as high as that of the mature repertoire 22, 23, 20] . The rational is that if the ability of T cells to interact with MHC is not acquired during selection, then it must be inherited from the genes encoding TCRs. Does a nity-based selection implies a high pre-selection alloreactivity?
These questions are inherently quantitative, and would bene t from the rigor of a mathematical analysis. We present a formal model of a nity-driven selection of the T cell repertoire, and use it to derive expected levels of alloreactivity and self MHC restriction from the parameters controlling the generation and selection of TCRs. This model relies on a minimal representation of MHC molecules, peptides, and TCRs that support the notions of a nity, ligand diversity, and ligand size. Positive and negative selection a nity thresholds are inferred from experimental estimates of the stringencies of the overall selection process, and of negative selection. The a nity, or match score, between a MHC{peptide complex and a TCR is computed by aligning the strings representing the MHC{peptide complex and the TCR, and then summing all the pairwise digit interactions. As shown in Figure 1 , the central digits of a TCR always contact a peptide, and the two extremities a MHC. This modeling choice follows from studies according to which TCRs bind MHC{peptide complexes with a common orientation 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36] .
Generation of TCRs, MHCs, and Peptides
Only the interacting portions of TCRs and MHC{peptide complexes are taken into account in the model, not the full structure of these molecules. MHC{peptide complexes are made from two sets of random strings. One set contains n p peptides of length l p digits. The other contains n m strings of length l m representing the polymorphic residues of MHC molecules exposed to TCRs. Essentially all progress in the identi cation and characterization of selfpeptides in alloreactivity has involved MHC class I systems 37]. Thus, we focus on class I MHC in this paper. There are three class I loci in mice 38]. Alloreactivity and self restriction experiments use inbred mouse strains 39], thus only one allele is present at each locus. Therefore, we set n m = 3. (The analysis for class II can be done in an analogous way.) Bevan 40] suggests that 10 3 {10 4 self peptides drive selection. Thus, unless otherwise speci ed, self peptide diversity is set to n p = 10 4 . Since there is no peptide binding motif in the model, a given peptide is presented by all n m MHCs. As a result, the self environment is composed of n m n p MHC{peptide complexes. The e ects of binding motifs relevant to alloreactivity and self restriction will be investigated indirectly.
The number of MHC polymorphic and peptide residues in contact with TCRs, l p and l m respectively, are set from crystallographic data. It is assumed that these parameters are the same for all class I loci. The structure of TCR/MHC{peptide complex A6/HLA-A2{Tax 30] reveals 7 peptide and 5 MHC polymorphic residues in contact with TCR A6, which gives l p = 7 and l m = 5 digits. Performing a similar measurement for B7/HLA-A2{Tax 35], 2C/H2-K b {dEV8 36], and 2C/H2-L b {QL9 41] , gives an average of 5.75 peptide and 3.5 MHC residues in contact with TCR. Since l m and l p must be integers, we set l m = 4 and l p = 6. A6, B7, and 2C are all known to be positively selected when expressed in the relevant MHC background. Consequently, the estimate above might not re ect a property of the pre-selection repertoire. Counting solvent-accessible peptide and MHC polymorphic residues in a class I MHC{peptide crystal structure leads to l m = 5, and l p = 12 42]. This approach is independent of any selection-induced bias, but has its own caveat in that only part of the solvent-accessible surface of the MHC{peptide complex is covered by the TCR 30, 29, 35, 36] . In the absence of conclusive data, both (l m ; l p ) = (4; 6) and (l m ; l p ) = (12; 5) will be investigated here. TCRs are modeled as strings of l = l m + l p random digits.
Selection Thresholds and Stringency of Selection
Selection is implemented by introducing two a nity thresholds, K pos and K neg (K pos < K neg ). Clones binding at least one self MHC{peptide complex with a nity K K pos survive positive selection. Negative selection deletes clones binding one or more self MHC{peptide complexes with K > K neg . The values of K pos and K neg are inferred from experimental data by considering the fractions of clones surviving the di erent stages of selection (see Figure 2 ). The fraction of clones reaching the periphery is:
where f pos is the fraction of clones surviving positive selection, and f neg is the fraction of positively selected clones that survive negative selection. About two-thirds of positively selected thymocytes are deleted by negative selection 43, 22, 44, 45, 46, 23] . Interestingly, earlier probabilistic models of clonal deletion based on the hypothesis that evolution optimizes the size of the repertoire predicted f neg = 0: 37 47, 48, 49] . This estimate will be used here.
Three percent of T cells produced in the thymus reach the periphery 50]. However, the fraction of clones, which our model deals with, and the fraction of cells that are measured in 5 . Overall these data suggest that clones could be ampli ed by a factor of 1.3{8 in the thymus. In the absence of more precise information, we assume here that two clonal divisions occur on average by the time T cells join the peripheral pool. Hence, on average each clone is made up of four cells. If 3% of thymocytes survive selection, the fraction of clones reaching the periphery is f = 1 4 0:03 = 0:0075. De ning activation of selected T cells is a prerequisite for studying the peripheral repertoire. A clone is considered activated if the a nity between its TCR and a MHC{peptide complex is greater than K neg . The repertoire is self tolerant by construction, since no clones that have an a nity larger than K neg to a self MHC{peptide complex survive negative selection in the model.
The number of digits in the alphabet (d max , see Figure 1 ) have no e ect on the model's behavior as long as it is chosen large enough. If d max is too small, only a limited number of a nity values are generated by the model 57], and it is not possible to nd selection thresholds compatible with physiological values of f , f pos , and f neg . If d max 15, then selection thresholds can be set properly, and its e ect on the behavior of the model is null (not shown).
Analyzing the Model
The model can be analyzed using computer simulations or a mathematical approach. Simulations proceed in three steps. First a set of self MHC{peptide complexes is constructed. Then random TCRs are generated, and those satisfying the a nity selection criteria are kept in the repertoire. Finally, sets of foreign MHC and foreign peptides are generated in order to measure the alloreactivity, the self MHC restriction, and the foreign peptide response frequency of the selected repertoire. A simulation is the computational equivalent of a set of measurements made on a particular animal. There are 10 7 {10 8 T cell clones in a mouse, thus at least 10 7 f 10 9 TCRs must be generated, and then submitted to selection in order to simulate the repertoire of one animal. Selection of one TCR requires the calculation of its a nity with each MHC{peptide complex. Since there are 3 MHC loci and 10 4 self peptides, 3 10 13 a nities need to be evaluated just for the generation of one repertoire. It is di cult to simulate systems of this size with currently available workstations.
Alternatively, mathematical expressions for alloreactivity, self MHC restriction, and peptide response frequency can be derived using probability theory (see Appendix). Since such calculations do not rely on the actual selection of a repertoire, they are easily carried out. The results they provide are averages over all possible simulation outcomes for a given parameter set, but they give no information about the variability between di erent repertoires. For example, in the case of foreign peptide response frequency, the simulation outcome depends on the self MHC{peptide complexes generated, on the TCRs submitted to selection, and on the foreign peptide used to challenge the resulting repertoire. The expressions for this quantity give averages over all possible combinations of self MHC{peptide complexes, pre-selection TCRs, and foreign peptides. Since we are interested in average properties of the repertoire, a mathematical approach will be used here.
Results

A nity-driven Selection Can Produce a Self MHC Restricted Repertoire
Self MHC restriction has typically been estimated by comparing the e ector activity against foreign peptides presented on self MHC, with the activity against foreign peptides presented on foreign MHC 1, 2, 3, 4, 5, 6]. There are no e ector functions in our model but it is reasonable to assume that their intensity is proportional to the number of responding clones, which is measurable in the model. Stockinger et al. 12 ] used limiting dilution analysis (LDA) to measure the frequency of precursors in the context of self and foreign MHCs. This protocol is closely related to our approach. The response frequency to a given foreign peptide, R, is de ned as the fraction of clones activated by this peptide when presented in combination with any one of the n m self MHC molecules. The mathematical expressions (see Appendix) give R = 3:9 10 ?5 if the contribution of peptides and MHC polymorphic residues to the interaction with TCRs are respectively l m = 4 and l p = 6, whereas R = 3:3 10 ?5 if (l m ; l p ) = (12; 5); both estimates are consistent with the experimental range 10 ?6 {10 ? 4 12, 13] .
The model predicts that the response frequency R a to a foreign peptide presented on allogenic MHC molecules is R a = 2:8 10 ?6 if (l m ; l p ) = (4; 6). Thus, 14 times as many clones are activated by foreign peptides if presented on self MHCs as compared to foreign MHCs. Assuming a uniform clone size distribution, the measurements of Stockinger et al. 12] give a restriction ratio, r = R=R a , of 6{10. By contrast, if (l m ; l p ) = (12; 5), R a = 5:1 10 ?5 , i.e., the repertoire is better at recognizing peptides presented by foreign MHC molecules. Since MHC restriction is a well established phenomena, we conclude that (l m ; l p ) = (12; 5) is an unrealistic parameter setting. Thus, according to our model, peptides must contribute to a substantially greater fraction of the interaction with TCRs than MHC polymorphic residues in order to account for self restriction.
Absolute restriction would be observed for peptides that cannot be presented by foreign MHC. On the other hand, the possibility that the repertoire appears absolutely restricted to foreign MHC due to failure of self MHCs to present the peptide is equiprobable. These e ects would cancel each other out when considering average restriction over many experimental systems. Consequently, IR-genes defects need not to be taken into account in our calculation of self restriction.
A nity-Driven Selection Accounts for High Post-selection Alloreactivity and Implies that Peptide Binding Motifs Decrease It
Alloreactivity is the fraction of the repertoire responding to MHC molecules of a foreign haplotype presenting peptides, which we assume to be identical to self peptides. Peptide binding motifs determine which self peptides associate with MHC molecules, and in what conformation. In order to assess the quantitative impact of this e ect, we compared calculations assuming a maximal e ect of binding motifs with calculations assuming no e ect at all. The rst assumption was implemented in the model by substituting random peptides for self peptides when computing alloreactivity, and the second by keeping self peptides unchanged. Thus, in one case the subsets of peptides presented by self and foreign MHC are totally unrelated, in the other they are identical. If motifs cause alloreactivity, then calculations should give a lower alloreactivity level under the second hypothesis. According to our calculations, binding motifs decrease alloreactivity. It is equal to 2% when motifs have no e ect (1.4% if (l m ; l p ) = (12; 5)), and 1.2% when their e ect is maximal (irrespective of (l m ; l p )). This somewhat counterintuitive result can be explained as follows. The a nity between TCRs and self MHC{peptide complexes is larger than the average a nity between TCRs and random MHC{peptide complexes because of positive selection (not shown). So, any random change in self MHC{peptide complexes will, in general, decrease the a nity toward its average value. It does not matter whether the change in MHC{peptide complex occurs at the level of peptide or MHC residues, because this information is absent when considering the overall TCR/MHC{peptide binding a nity. This 8 analysis is independent of whether binding motifs control the peptide sequences associating with MHC, peptides conformations, or both. It is worth noting that all our estimates are in the experimental range 1{24% 12, 11], regardless of the e ect of motifs. Overall, the model shows that a nity-driven selection accounts for alloreactivity levels of 1.2{2%, but is not compatible with the notion that binding motifs are the cause of these high levels.
The A nity Model and Data on the Stringency of Selection
Imply High Pre-Selection Alloreactivity
Alloreactivities of the mature and pre-selection repertoires are very similar 22, 23, 20] . Is this compatible with the a nity-driven selection hypothesis? Since TCRs are produced at random in our model, self and foreign MHC complexes are equivalent and both appear as sets of random strings from the point of view of the pre-selection repertoire. This is also true of self and foreign peptides. Thus, we de ne pre-selection alloreactivity as the fraction of TCRs in the pre-selection repertoire with a nity greater than K neg for at least one of n m n p random MHC{peptides complexes. As shown in Figure 2 , this quantity equals f pos (1 ? f neg ) = 1:2%. Hence, we conclude that if, as suggested by experiments (see Model section), among the f f neg = 2% of clones surviving selection f neg = 37% also survive negative selection, then alloreactivity of the pre-selection repertoire must be high. Surprisingly, the formula above is independent of the model's parameters controlling MHCs and peptides. This by no means implies that those parameters have no in uence on pre-selection alloreactivity in vivo. It is only a consequence of the adjustment of selection thresholds made in order to keep f and f neg at their physiological level when n m , n p , l m , and l p are varied (see Appendix). Experimental estimates of pre-selection alloreactivity are 5:7 2% 23], and 2:7 2:8% 22]. This latter estimate is compatible with our calculations. Corresponding post-selection alloreactivity are 5:4 2:8% 23], and 3 2:3% 22]. Thus, in both cases pre-and post-selection alloreactivities are identical. Interestingly, the same is true of pre-selection alloreactivity and post-selection alloreactivity under in our model if the e ect of binding motifs is maximal. Taken together, these results suggest that this latter assumption is accurate, and binding motifs prevent improvement of alloreactivity by positive selection.
High pre-and post-selection alloreactivities were obtained assuming random TCRs. Thus, the hypothesis put forward by Jerne 21] that alloreactivity is the consequence of a genetic bias of TCRs toward allele speci c MHC residues is not necessary in the context of a nity-driven selection. No conclusion can be drawn about conserved MHC residues bias, because these are not represented in the model.
Self Peptide Diversity Has a Very Small Impact on Alloreactivity, but Displays a Strong Inverse Correlation with Antigen Response Frequency
One possible explanation of alloreactivity is that many more MHC-peptide complexes are made from a given MHC allele product than from a given peptide sequence 14]. If this is the case, then one would expect that increasing the number of di erent self peptides, n p , would increase alloreactivity. We nd that increasing n p does just the opposite (Figure 3) . The alloreactivity, a, is 5% when the number of self peptides is 100, and falls to 1.3% when n p is 10 8 . Since our goal is to derive the consequences of a nity-driven selection under physiological operating conditions, selection thresholds were adjusted for each n p value in order to keep f , f pos , and f neg at the physiological levels discussed in the Model section. Both 5% and 1.3% are in agreement with experimentally determined ranges of a. Thus, low as well as high self peptide diversity is consistent with high alloreactivity frequency. Note that if the e ect of binding motifs is maximal, as suggested above, then a would be equal to the pre-selection alloreactivity, i.e., 1.2%, which is independent of n p .
The puzzle of alloreactivity lies not only in its high frequency, but also in the fact that it is 2{4 orders of magnitude larger than the antigen response frequency. This issue was investigated by plotting the foreign peptide response frequency, R, against peptide diversity (Figure 3) . Interestingly, R decreases linearly when n p is increased. The rate of decline is much larger than for alloreactivity. When n p = 100 the response frequency of the postselection repertoire, R, is 1:8 10 ?3 , whereas it is 2:4 10 ?9 when n p = 10 8 . By contrast, the alloreactivity, a, varies over less than an order of magnitude over the same interval in n p . Thus, peptide diversity has a major in uence on the di erence between MHC and peptide response frequency. Interestingly, values of R in the experimental range, 10 ?6 {10 ?4 , can only be obtained if n p lies between 3:2 10 3 and 4 10 5 (Figure 3) . Hence, our model agrees with the notion presented by Bevan 40] that selection is driven by 10 3 {10 4 di erent 10 self peptides.
Discussion
Previous attempts to explain alloreactivity have relied on non-mathematical formulations of the problem, and thus could not address rigorously its fundamentally quantitative nature. The formal model presented here makes possible quantitative reasoning on positive selection, self restriction, and alloreactivity. The mathematical procedure used to do so gives average results over a very large number of antigenic systems and self/foreign haplotypes pairs, whereas experimental studies have been con ned to a small number of systems. Experiments based on the comparison between allogenic and syngenic immune responses have demonstrated strong restriction in some instances 1, 2, 4, 5, 6], but weak or absent restriction in others 58, 2, 59, 60, 61, 62] . Thus, it is di cult to draw any conclusion on the average level of self restriction from experimental data. Our model shows that the repertoire could recognize peptide presented on self MHCs 14 times more frequently than peptide presented on foreign MHC. Since this prediction concerns the average behavior over many experimental systems, it is compatible with absolute restriction, or on the contrary, no restriction at all, for particular self/foreign haplotype combinations. Measures of restriction based on precursor frequencies (e.g., LDA) rather than immune response (e.g., 51 Cr or PFC assays) relate directly to our model in which only the fraction of responding clones is measurable. Using LDA, Stockinger et al. 12 ] estimated the self restriction ratio to be 6{10 (see also 7]), a value comparable to our estimate.
It has been proposed that alloreactivity occurs because self and foreign MHC present di erent subsets of self peptides, or present the same self peptides in di erent conformations 19] . According to the a nity model, self restriction is possible only if positive selection improves the interaction between TCRs and self MHC molecules. If this is the case, then interaction with self peptides is enhanced as well, because a nity lumps into a single quantity the relative contributions of peptide and MHC to binding. Thus, TCRs in the selected repertoire have, on average, stronger interaction with self than with nonself peptides. Any alteration of self peptides induced by foreign MHC will therefore lower the average a nity rather than increase it. Accordingly, our model predicts that the average alloreactivity of the selected repertoire over many experimental systems should be 2% in the absence of binding motifs, and 1.2% if their e ect is maximal. Hence, peptide binding motifs decrease alloreactivity. Both 1.2% and 2% are within the experimental range 1{24% 10, 11] .
The calculations indicate that alloreactivity and self peptide diversity are inversely related. However, the negative impact of high diversity is small: alloreactivity in the range 1{24% could result from a repertoire of 100 as well as from a repertoire of 10 8 self peptides. By contrast, we found a much stronger inverse correlation between self peptide diversity and antigen response frequency. Response frequencies in the range 10 ?6 {10 ? 4 12, 13] only occur in our model if thymic selection is driven by 10 3 {10 5 self peptides. These results support the argument of Matzinger & Bevan 14] that the di erence between antigen and MHC response frequency arises from the di erence between self MHC and self peptide diversity.
We have found that the a nity model implies a pre-selection alloreactivity of 1.2%, in accordance with experimental measurements 5:7 2% 23], and 2:7 2:8% 22]. These latter data have been interpreted as evidence for a germline bias of TCRs toward MHC recognition 22, 23, 20] . In order to explained alloreactivity, Jerne 21] postulated that each clone is speci c for one of the many MHC alleles present in the species. Our analysis shows that such a postulate is unnecessary in the context of a nity-driven selection. The estimate of 1.2% has been obtained assuming that TCR residues in contact with allele speci c portions of MHC molecules are totally random, thus precluding a germline bias. The issue of bias toward conserved MHC residues cannot be addressed with the current version of the model. Overall, our results show that a nity-driven selection of thymocytes is in quantitative agreement with experimental estimates of foreign antigen response frequency, self restriction, and alloreactivity.
